In this paper, we study Smarandache curves according to Darboux frame in the three-dimensional Minkowski space E 3 1 . Using the usual transformation between Frenet and Darboux frames, we investigate some special Smarandache curves for a given timelike curve lying fully on a timelike surface. Finally, we defray a computational example to confirm our main results.
Introduction
In the study of the fundamental theory and the characterizations of space curves, the corresponding relations between the curves are very interesting and important problem.
Among all space curves, Smarandache curves have special emplacement regarding their properties, because of this they deserve especial attention in Euclidean geometry as well as in other geometries. It is known that Smarandache geometry is a geometry which has at least one Smarandache denied axiom [1] . An axiom is said to be Smarandache denied, if it behaves in at least two different ways within the same space. Smarandache geometries are connected with the theory of relativity and the parallel universes. Smarandache curves are the objects of Smarandache geometry. By definition, if the position vector of a curve δ is composed by Frenet frame's vectors of another curve β, then the curve δ is called a Smarandache curve [2] . In three-dimensional curve theory, each unit speed curve with at least four continuous derivatives, one can associate three mutually orthogonal unit vector fields T, N and B frame. We looking forward to that our results will be helpful to researchers who are specialized on mathematical modeling and other applications.
Basic concepts
Let us first recall the basic notions from Lorentz geometry [10] .
Let R 3 = { (x 1 , x 2 , x 3 ) | x 1 , x 2 , x 3 ∈ R }be a 3-dimensional vector space, and let x = (x 1 , x 2 , x 3 ) and y = (y 1 , y 2 , y 3 ) be two vectors in R 3 . The Lorentz scalar product of x and y is defined by x , y L = x 1 y 1 + x 2 y 2 − x 3 y 3 . Similarly, a curve r , locally parameterized by r = r(s ) :
where s is pseudo arclength parameter, is called a spacelike curve
are orthogonal if and only if x , y L = 0 . Also, for any x, y ∈ E 3 1 , Lorentzian vector product of x and y is defined by
The norm of a vector , where the vectors T, N, B are called the vectors of the tangent, principal normal and the binormal of r , respectively. Consider now the following definition that we are needed throughout this study.
Definition 1.
A surface M in the Minkowski 3-space E 3 1 is said to be spacelike, timelike surface if, respectively the induced metric on the surface is a positive definite Riemannian metric, Lorentz metric. In other words, the normal vector on the spacelike (timelike) surface is a timelike (spacelike) vector [10] .
Smarandache curves of a timelike curve on a timelike surface
Consider a timelike curve r = r(s ) in E 3 1 , parameterized by its arc length s and lying fully on an oriented timelike surface M . Let T, N, B be the tangent, principal normal and binormal vector fields along r ( s ). Then, Frenet frame is given by
where a prime denotes differentiation with respect to s . For this frame the following are satisfying
The coefficients κ and τ are the curve's curvature and torsion.
Let { T, P, U } be the Darboux frame of r ( s ) with T as the tangent vector of r and U is the unit normal to the surface M and P = T × U , then the usual transformation between Frenet and Darboux frames takes the form [10, 11] :
where θ is the angle between the vectors P and N . Therefore, the Darboux frame of r ( s ) is given as follows
where κ N , κ g and τ g are the normal curvature, geodesic curvature and geodesic torsion, respectively. In the differential geometry of surfaces, for a curve r = r(s ) lying on a surface M the following are well-known [11] (i) r ( s ) is a geodesic curve if and only if κ g = 0 .
(ii) r ( s ) is an asymptotic line if and only if κ N = 0 .
(iii) r ( s ) is a principal line if and only if τ g = 0 .
Definition 2. A regular curve in Minkowski 3-space, whose position vector is composed by Frenet frame vectors on another regular curve, is called a Smarandache curve [2] .
In the following, we investigate Smarandache curves TP , TU , PU and TPU and study some of their properties which represent the main results.
TP −Smarandache curves
From the Definition 2 , the TP − Smarandache curve of r can be defined by
Differentiating Eq. (4) with respect to s , we obtain
with the parameterization
and then
Differentiating Eq. (6) with respect to s and using Eq. (5) , we get
where
The curvature and torsion of α are given as follows
and
On the other hand, we express
So, the binormal vector of α is
We consider the derivatives α , α with respect to s as follows
In the light of the above, the torsion of α is given by
where 
are hold.
If α is an asymptotic line, the following hold
3. If α is a principal line, the following hold
TU −Smarandache curves
Let r = r(s ) be a timelike curve lying on an oriented timelike surface M in Minkowski 3-space E 3
1
. Using Definition 2 , the TU − Smarandache curve of r is given by
it leads to
By taking the derivative of Eq. (10) with respect to s , we have
Therefore, from aforementioned equations, the curvature functions κ β , τ β are expressed as follows
Besides, the binormal vector of β is
After differentiate β with respect to s , we get
Following that, the torsion of β is obtained as
Thus we can give the following Corollary. 
Corollary 2. Let β( s ) be a timelike curve lies on M in Minkowski
, where
If β is an asymptotic line, then
3. If β is a principal line, the following are clarified
PU −Smarandache curves
Assume that γ = γ ( s ) is a timelike curve lying fully on M in E 3
1
.
Let { T, P, U } be Darboux frame of γ . Then by Definition 2 , the PU − Smarandache curve of γ is identified by
Differentiating Eq. (12) with respect to s , we have
The curvature of γ is determined by
Further, we define the principal normal and the binormal vectors as follows
If we differentiate γ to get γ , γ , then we obtain the torsion of γ as follows
From the above calculations, we can introduce the following result: 
If γ is an asymptotic line, we get
If γ is a principal line, the following hold
TPU −Smarandache curves
Let r = r(s ) be a timelike curve lying on a timelike surface M in Minkowski 3-space E 3 1 and { T, P, U } be the Darboux frame of r ( s ). According to the definition of Smarandache curve, the TPU − Smarandache curve of r is expressed as
This implies to
Differentiate Eq. (14) with respect to s and use Eq. (3) , we obtain
Then, the curvature and principal normal vector of δ are, respec-
Also, the binormal vector of δ is given by
The derivatives δ , δ of δ are 
In the light of these derivatives, the curve's torsion of δ can be computed as follows The TP −Smarandache curve can be computed as α TP = ( α 1 , α 2 , α 3 ) ,
Conclusion
In the present paper, we have studied special curves called Smarandache curves according to Darboux frame in the threedimensional Minkowski space E 3 1 . These curves are composed using Frenet frame vectors of another curve. Moreover, some results for the meaning curves are obtained. Finally, for confirming our results, a computational example is given and plotted.
